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Abstract
In the present work, we give necessary and sufﬁcient conditions for linear differential
non-autonomous equations on a Banach space, that satisfy exponential dichotomy,
to be topologically equivalent. We shall also prove that such equations are structurally
stable.
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1. Introduction
The notions of topological equivalence and structural stability for non-
autonomous systems were introduced by Palmer in [2,3].
In [4] Appell et al., generalized some results of Palmer, to the case of Hilbert
spaces.
This paper shows that the statements in [4] are also valid in the more general
situation of Banach spaces. Moreover, we do not use here kinematic similarity, and
one can see that structural stability is only a consequence of exponential dichotomy
and some basic geometric features of Banach spaces.
We study linear non-autonomous differential equations on a complex Banach
space E: We denote by LðEÞ the set of all linear bounded maps acting on E:
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Consider linear equation:
dx
dt
¼ AðtÞx; ð1Þ
where the operator function R{t/AðtÞALðEÞ; is supposed to be continuous with
respect to t and bounded, i.e.,
sup
tAR
JAðtÞJ ¼ MoN:
The following inequality is well known: for each t; sAR
JUðtÞU1ðsÞJpeMjtsj: ð2Þ
Here UðtÞ is the Cauchy operator of equation (1) (see [1, Lemma 2.4, p.111]).
Eq. (1) is said to be exponential dichotomic if there are constants N40; n40 and
bounded projections P and Q; with P þ Q ¼ I such that
JUðtÞPU1ðsÞJ pNenðtsÞ for tXs;
JUðtÞQU1ðsÞJ pNenðstÞ for sXt: ð3Þ
Obviously, the projections PðtÞ ¼ UðtÞPU1ðtÞ and QðtÞ ¼ UðtÞQU1ðtÞ are
bounded: JPðtÞJpN; JQðtÞJpN; for each tAR:
2. The main result
In this section we show that any exponential dichotomic non-autonomous
equation is similar, in a certain sense, with the standard equation
dx
dt
¼ ðQ  PÞx;
where P and Q are the projections giving the dichotomy structure. This kind of
similarity is called topological equivalence, and it will be detailed in the last section.
A stronger concept is kinematic similarity; it requires the transformations to be
linear. This last condition is too much restrictive, since equations with similar
structures may not be equivalent under such hypotheses.
In [2] it was obtained topological equivalence for dichotomic equations in the
ﬁnite-dimensional case, and in [4] on Hilbert spaces. Notice that in these papers the
authors used reducibility lemmas in proving their results. For instance in [2],
Palmer’s Theorem is a consequence of Lemma 2 from [6, p. 40]. In [4, p. 221],
Lemma 2 is in fact a version of the last one. Thus, topological equivalence
seems to be a consequence of a special reducibility principle. This is not the case, as
we shall see.
Notice that reducibility lemmas we refer were proved for Hilbert spaces only. We
do not know if they still hold in Banach general situation. Theorem 2.1 shows in fact
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that a reducibility principle is valid also on Banach spaces, but under a weaker
condition: topological equivalence instead of kinematic similarity.
Theorem 2.1. If Eq. (1) is exponential dichotomic, then there exists a continuous
function h:R E-E; with the following properties:
(i) For each tAR; the function ht:E-E; defined by htðxÞ ¼ hðt; xÞ; is a home-
omorphism;
(ii) There exist two increasing functions Li:Rþ-Rþ continuous at 0, with Lið0Þ ¼ 0
for i ¼ 1; 2; such that
JhtðxÞJpL1ðJxJÞ;
Jh1t ðxÞJpL2ðJxJÞ
for each xAE and tAR;
(iii) htðeðQPÞðtsÞÞ ¼ UðtÞU1ðsÞhs; for each t; sAR; where P and Q are the projections
from (3).
To prove this result we need two lemmas. First, for each tAR we deﬁne the
following functional on E:
JxJt ¼
Z N
t
JUðsÞPU1ðtÞxJds þ
Z t
N
JUðsÞQU1ðtÞxJds: ð4Þ
The following result can be easily proved by using exponential dichotomy and
inequality (2):
Lemma 2.2. For each tAR the functional above is a norm on E; equivalent with the
initial one, i.e.
1
M
JxJpJxJtp
2N
n
JxJ ð5Þ
for each xAE: Moreover, on the subspace PðtÞE we have that
JPðtÞxJt ¼
Z N
t
JUðsÞPU1ðtÞxJds
and on QðtÞE
JQðtÞxJt ¼
Z t
N
JUðsÞQU1ðtÞxJds:
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It follows that
JxJt ¼ JPðtÞxJt þ JQðtÞxJt
for tAR and xAE:
The next Lemma is crucial in the sequel:
Lemma 2.3. (i) Every solution xðtÞ ¼ UðtÞx; with Uð0Þ ¼ I ; of Eq. (1), can be uniquely
decomposed as
xðtÞ ¼ UðtÞPx þ UðtÞQx ¼ x1ðtÞ þ x2ðtÞ;
where the solution x1ðtÞ is strictly decreasing and x2ðtÞ is strictly increasing, in J 	 Jt:
More precisely:
d
dt
Jx1ðtÞJt ¼ JUðtÞPxJ;
d
dt
Jx2ðtÞJt ¼ JUðtÞQxJ:
ð6Þ
(ii) For each x1 ¼ Px1APE\f0g; there exists a unique t1 ¼ t1ðx1Þ such that
JUðt1Þx1Jt1 ¼ 1
and for each x2 ¼ Qx2AQE\f0g; there exists a unique t2 ¼ t2ðx2Þ with
JUðt2Þx2Jt2 ¼ 1:
Moreover, t1 ¼ t1ðx1Þ and t2 ¼ t2ðx2Þ depend continuously on x1; respectively, x2:
Proof. Since limt-N Jx1ðtÞJ ¼ 0 and limt-NJx2ðtÞJ ¼N; according to
(i), existence and uniqueness of t1 is immediate and similar arguments are also
valid for t2:
The continuity of functions t1ðx1Þ; t2ðx2Þ follows immediately by implicit function
theorem. &
Let us consider for each tAR the couple of functions hPt :PE-PðtÞE and
h
Q
t :QE-QðtÞE; deﬁned by
hPt ðx1Þ ¼
UðtÞx1
JUðtþlnJx1JÞx1JtþlnJx1J
for x1APE\f0g;
0 for x1 ¼ 0
(
ð7Þ
and
h
Q
t ðx2Þ ¼
UðtÞx2
JUðtlnJx2JÞx2JtlnJx2J
for x2AQE\f0g;
0 for x2 ¼ 0:
(
ð8Þ
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We will prove that the functions ht:E-E; htðxÞ ¼ hPt ðPxÞ þ hQt ðQxÞ; for each
tAR; are the homeomorphisms required by Theorem 2.1.
First, we have for each tAR and xAE:
hPt ðetPxÞ ¼ UðtÞhP0 ðPxÞ;
h
Q
t ðetQxÞ ¼ UðtÞhQ0 ðQxÞ:
ð9Þ
Proof of Theorem 2.1. The proof of Theorem 2.1 will be presented in three steps:
Step 1: For each tAR the functions hPt and h
Q
t are one to one. Indeed, suppose
that
hPt ðx1Þ ¼ hPt ðy1Þ:
Then we have
x1
JUðt þ lnJx1JÞx1JtþlnJx1J
¼ y1
JUðt þ lnJy1JÞy1Jtþln y1j j
:
If we set t ¼ t þ lnJx1J and s ¼ t þ lnJy1J; then
U1ðtÞ UðtÞx1
JUðtÞx1Jt ¼ U
1ðsÞ UðsÞy1
JUðsÞy1Js ¼ xAPE:
It follows that JUðtÞxJt ¼ JUðsÞxJs ¼ 1 and from Lemma 2.3 we have t ¼ s; and
ﬁnally x1 ¼ y1: The same type of argument is valid for functions hQt :
Step 2: The functions hPt and h
Q
t are surjective.
Let y1ðtÞ ¼ PðtÞyAPðtÞE and set hPt ðx1Þ ¼ y1ðtÞ:
If we put again t ¼ t þ lnJx1J; then the last relation becomes
UðtÞ x1
JUðtÞx1Jt ¼ y1ðtÞ ¼ UðtÞPU
1ðtÞy:
For x ¼ U1ðtÞy; we have that
JUðtÞPxJt ¼ 1:
Again Lemma 2.3 assures the existence and uniqueness of t ¼ tðt; yÞ; depending
continuously on t and y; such that
JUðtðt; yÞÞPxJtðt;yÞ ¼ 1:
Then it follows
x1 ¼ etðt;yÞt PU
1ðtÞy
JPU1ðtÞyJ:
In fact, the inverse is given by
ðhPt Þ1ðPðtÞyÞ ¼ etðt;yÞt
PU1ðtÞy
JPU1ðtÞyJ: ð10Þ
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Similarly one can prove the surjectivity of the functions h
Q
t ; and their inverses are
ðhQt Þ1ðQðtÞyÞ ¼ etsðt;yÞ
QU1ðtÞy
JQU1ðtÞyJ: ð11Þ
Here sðt; yÞ is uniquely determined by the relations: JUðsÞQU1ðtÞyJs ¼ 1
and s ¼ t  lnJx2J: Thus ðh1t ÞðyÞ ¼ ðhPt Þ1ðPðtÞyÞ þ ðhQt Þ1ðQðtÞyÞ; for each tAR
and yAE:
Step 3: We prove the existence of the increasing functions L1 and L2 from (ii) in
Theorem 1. Suppose Pxa0:
For JPxJp1; since t ¼ t þ lnJPxJ; then tpt:
It follows that
JhPt ðPxÞJp
JUðtÞPU1ðtÞJ 	 JUðtÞPxJ
JUðtÞPxJt p
NenðttÞMJUðtÞPxJt
JUðtÞPxJt
pMN1þnJxJn: ð12Þ
If JPxJX1; then tpt and this yields
JhPt ðPxÞJp
JUðtÞU1ðtÞJ 	 JUðtÞPxJ
JUðtÞPxJt p
eMðttÞMJUðtÞPxJt
JUðtÞPxJt
pMNMJxJM : ð13Þ
Similarly one can prove that for JQxJp1; Qxa0; JhQt ðQxÞJpMN1þnJxJn; and if
JQxJX1; then JhQt ðQxÞJpMNMJxJM : Now the existence of the increasing functions
L1 follows directly from the above considerations.
To prove the existence of L2; we rewrite inequality (5) replacing x with PðtÞy; as
follows:
1
M
JPðtÞyJpJPðtÞyJtp2Nn JPðtÞyJ: ð14Þ
Let us consider for each yAE and each tAR the functions jðuÞ ¼
JUðuÞPU1ðtÞyJu: Then jðtÞ ¼ JPðtÞyJt:
If 0aJPðtÞyJtp1; then jðtÞpjðtÞ; where t ¼ tðt; yÞ was previously deﬁned as the
unique solution of equation jðtÞ ¼ 1: Since j is a decreasing function (Lemma 2.3),
we have tXt: Using (14) we have
1 jðtÞ ¼jðtÞ  jðtÞ
¼
Z t
t
JUðsÞPU1ðtÞyJds
p
Z t
t
JUðsÞU1ðtÞJ 	 JPðtÞyJds
ARTICLE IN PRESS
L.H. Popescu / J. Differential Equations 203 (2004) 28–37 33
p
Z t
t
eMðtsÞMJPðtÞyJtds
¼jðtÞ½eMðttÞ  1:
It follows
eMðttÞpjðtÞ;
then
ettp ½jðtÞ 1M ¼ JPðtÞyJ
1
M
t
p 2N
n
JPðtÞyJ
  1
M
p 2N
2
n
  1
M
JyJ
1
M :
So
ettp 2N
2
n
  1
M
JyJ
1
M ¼ L02ðJyJÞ: ð15Þ
If JPðtÞyJtX1; we get jðtÞXjðtÞ and then tpt: We obtain now the inequalities
jðtÞ  1 ¼jðtÞ  jðtÞ ¼
Z t
t
JUðsÞPU1ðtÞyJds
X
n
2N
Z t
t
JUðsÞPU1ðtÞyJsds
X
nðt tÞ
2N
inf
sA½t;t
jðsÞ ¼ nðt tÞ
2N
:
Using again inequalities (14) we have
2N2
n
JyJ 1X2N
n
JPðtÞyJ 1XjðtÞ  1X n
2N
ðt tÞ:
It follows
ettpe
4N3
n2 JyJ
2N
n ¼ L002ðJyJÞ: ð16Þ
Observe that JyJp n
2N2
implies JPðtÞyJtp1: Deﬁne L0002 by
L0002ðJyJÞ ¼
L02ðJyJÞ for JyJp n2N2;
L02ðJyJÞ þ L002ðJyJÞ for JyJ4 n2N2:
(
Then
JðhPt Þ1ðPðtÞyÞJpL0002ðJyJÞ
for each tAR and each yAE:
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The existence of an increasing function L2 as in assertion (ii) of
Theorem 2.1 can be easily proved, by observing that s ¼ sðt; yÞ in (11)
satisﬁes inequalities (15) and (16), with ets in left-hand side. This proves (ii) in
Theorem 2.1.
Note that the continuity of the function ht ¼ hðt; xÞ and of h1t is in fact
consequence of (ii) above.
Finally, relations (9) prove condition (iii) in Theorem 2.1. &
3. Topological equivalence and structural stability
For the autonomous equations, the following deﬁnition is well known:
Deﬁnition 3.1. We say that equations
dxi
dt
¼ Aixi ð17Þ
for i ¼ 1; 2 and AiALðEÞ are topologically equivalent if there exists a home-
omorphism h:E-E such that
h3etA1 ¼ etA23h
for each tAR:
Topological equivalence for non-autonomous equations has been deﬁned in
different qualitative ways (see [5, p. 463]).
Deﬁnition 3.2. Consider the linear non-autonomous equation
dy
dt
¼ BðtÞy ð18Þ
and denote by VðtÞ its Cauchy operator. We say that Eqs. (1) and (18) are
topologically equivalent if there exists a continuous function h:R E-E with
properties:
(i) For each tAR; the function htðxÞ ¼ hðt; xÞ is a homeomorphism;
(ii) htUðtÞU1ðtÞ ¼ VðtÞV1ðtÞht; for each t; tAR;
(iii) There exist two increasing functions Li : Rþ-Rþ; i ¼ 1; 2; with Lið0Þ ¼ 0;
continuous at 0, such that JhtðxÞJpL1ðJxJÞ and Jh1t ðxÞJpL2ðJxJÞ for each
xAE and tAR:
Other types of topological equivalence can be obtained by replacing condition (iii)
by one of the following conditions:
ðiiiÞ0 limx-0 JhtðxÞJ ¼ limy-0 Jh1t ðyÞJ ¼ 0; uniformly with respect to t
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or
ðiiiÞ00 limJxJ-N JhtðxÞJ ¼ limJyJ-N Jh1t ðyÞJ ¼ þN; uniformly with respect to t:
Notable, last conditions assure that homeomorphisms ht map bounded
(respectively, unbounded) solutions of the ﬁrst equation into bounded (respectively,
unbounded) solutions of the second one. Moreover, asymptotic properties are
preserved under such transformations. Similar properties are valid for inverses h1t :
We have above three different equivalence relations, but for exponential
dichotomic equations they coincide.
Theorem 3.1. The exponential dichotomic equations (1) and (18) are topologically
equivalent under each one of conditions (iii), ðiiiÞ0 or ðiiiÞ00 if and only if their projections
are topologically similar (i.e. if and only if the corresponding subspaces PE and P1E;
respectively, QE and Q1E are homeomorphic). Here, we denoted by P1 and Q1 the
projections giving exponential dichotomy for Eq. (18).
This theorem is a consequence of Theorem 2.1 and of the fact that, for
autonomous equations
dx
dt
¼ ðQ  PÞx and dy
dt
¼ ðQ1  P1Þy;
Deﬁnitions 3.1 and 3.2 are equivalent.
Deﬁnition 3.3. The Eq. (1) is said to be structurally stable if there exists e40 such
that if BðtÞ is any operator function as in (1), with suptAR JAðtÞ  BðtÞJoe; then
Eqs. (1) and (18) are topologically equivalent.
Observe that we have in fact three different types of structural stability. Obviously,
the strongest concept is obtained by using (iii) in Deﬁnition 3.2.
Theorem 3.2. If Eq. (1) is exponential dichotomic, then it is structurally stable, in the
sense given by (iii) in Definition 3.2 (so also under conditions ðiiiÞ0 or ðiiiÞ00).
This is a consequence of the roughness of exponential dichotomy developed in [6–
8], Theorems 2.1 and 3.1, combined with the previous observations.
4. Final remark
Notice that the boundedness of AðtÞ; with respect to t; can be reduced to a weaker
form by requiring that Eq. (1) has bounded growth and decay; in fact inequality (2)
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can be replaced by
JUðtÞU1ðsÞJpk1eM1ðtsÞ for tXs;
JUðtÞU1ðsÞJpk2eM2ðstÞ for sXt:
ð19Þ
Here ki and Mi; i ¼ 1; 2; are positive constants.
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